Asymptotic behavior of the eigenvalues 
of the ^(x)-Laplacian* 



o 

(N 



< 

-I— > 



Kanishka Perera 

Department of Mathematical Sciences 
Florida Institute of Technology 
150 W University Blvd, Melbourne, FL 32901, USA 

kperera@fit. edu 

Marco Squassina 

Dipartimento di Informatica 
Universita degli Studi di Verona 
Ca Vignal 2, Strada Le Grazie 15, 1-37134 Verona, Italy 
marco.squassina@univr. it 



> 

in 

On 
(N 

cn 
o 



Abstract 

We obtain asymptotic estimates for the eigenvalues of the p(x)-Laplacian defined consis- 
tently with a homogeneous notion of first eigenvalue recently introduced in the literature. 

1 Introduction 

Let be a bounded domain in E re , n > 1 and let p £ C(Q, (l,oo)). The purpose of this paper is 
to study the asymptotic behavior of the eigenvalues of the problem 



div 



Vu 



K(u) 



p(x)-2 



Vu 
K{u) 



\S{u) 



k(u) 



p(s)-2 



u 



k( u y 



l,p(x) 



where 



K(u) 



\Vu\ 



p{x) 



k{u) 



\p(x) 



S(u) 



K{u) 







p(x) 



(n), 



d.r 



u(x) 



k(u) 



p{x) 



d.r 



The equation in (1.1) was derived by Franzina and Lindqvist in [5] as the Euler-Lagrange equation 
arising from minimizing the Rayleigh quotient K(u)/k(u) over Wq ,p (O) \ {0}. It was shown 
there that the hrst eigenvalue Ai > and has an associated eigenfunction ip\ > 0. 
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We recall that the variable exponent Lebesgue space LP( X \Q) consists of all measurable func- 



\p(x) 



g norm 






inf < 






u(x) 


v > : 


/ 






Jn 


V 



p(x) 



dx 
p(x) 



C 1 \ < oo. 



The Sobolev space W 1,p ( x \ri) consists of functions u £ L p ( x '(Q) with a distributional gradient 
Vu € L p<yX \^l), and the norm in this space is 



IVttl 



p{x)' 



The space W 1,p(a:) (ft) is the 



completion of C^{VL) with respect to the above norm, and has the equivalent norm ||Vu|| p ^ 
refer the reader to Diening et al. [2] for details on these spaces. 
It was shown in [5] that 



. We 



[K'(u),v) 



J 

Jn 



Vtt(x) 



K{u) 



p(x)-2 



Vu(x) 
K{u) 



Vv(x) dx 





Vu(x) 


[ 

In 


K(u) 



p(x) 



u ,vewi' p{x \n) 



dx 



and 



[k'(u),v) 
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u(x) 


In 


k(u) 



p(x)-2 



u(x) 



v(x) dx 



f 


u(x) 


In 


k(u) 



p(x) 



dx 



so the eigenvalues and eigenfunctions of (1.1) on the manifold M = {u 6 Wq' p (£1) : k(u) = l} 
coincide with the critical values and critical points of K := K\j^. In the next section we will 
show that K satisfies the (PS) condition, so we can define an increasing and unbounded sequence 
of eigenvalues of (1.1) by a minimax scheme. Although the standard scheme uses Krasnoselskii's 
genus, we prefer to use a cohomological index as in Perera [11] since this gives additional Morse 
theoretic information that is often useful in applications. 

Let us recall the definition of the Z2-cohomological index of Fadell and Rabinowitz [3] . Let J- 
denote the class of symmetric subsets of M.. For M € F, let M = M/Z2 be the quotient space 
of M with each u and — u identified, let / : M — > RP°° be the classifying map of M, and let 
/* : i?*(RP°°) — > H*(M) be the induced homomorphism of the Alexander-Spanier cohomology 
rings. Then the cohomological index of M is defined by 



i(M) 



sup {m > 1 : r^™- 1 ) / 0}, 

0, M = 



is the generator of the polynomial ring H* 



Z,2[uj]. For example, 



where ui S H 1 

the classifying map of the unit sphere S m ~ - l in M m , m > 1 is the inclusion MP m C MP 00 , which 
induces isomorphisms on H q for q < m 
Set 

A,- := 



1, so i(S 



m— 1 N 



m. 



inf sup K(u), 

MeJ 7 u(i M 
i(M)>j 



j> I- 



;i.2) 



Then (Aj) is a sequence of eigenvalues of (1.1) and \j / 00. Moreover, 

> i(K x ) = j, 



Xj < A < A 
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where K x = [u G M : K{u) < A}, so 

i(K x ) = #{j : Xj < A} VAGI 

(see Propositions 3.52 and 3.53 of Perera et al. [12]). Our main result is the following. 
Theorem 1.1. If 1 < p~ < p(x) < p + < oo for all x G and 

1 1 



;i.3) 



a := n 



< 1, 



then there are constants C\,Ci > 0, that depend only on n and p^, such that 

d \n\ X n/{l+a) < #{j : Xj < A} < C 2 \n\ X n/{l - a) forX>0 large, 
where \Q\ is the Lebesgue measure ofQ,. 

This result is a contribution towards understanding the spectrum of the p(x)-Laplacian, which 
many researchers have recently found to be somewhat puzzling. For example, it is currently 
unknown if the first eigenvalue is simple, or if a given positive eigenfunction is automatically 
a first eigenfunction. Affirmative answers were given to both of these questions for the usual 
eigenvalue problem for the p-Laplacian, 



div(|Vu| p - 2 W) = X\u\ p - 2 u, u G Wo' p (n), 



;i-4) 



where p > 1 is a constant, in Lindqvist [8, 9] (see also [10]). It should be noted that, in the case 
of constant p, (1.1) reduces, not to the problem (1.4), which is homogeneous of degree p—1, but 
rather to the nonlocal problem 



div 



|Vu|p- 2 V? 



A 



\u\ p 2 u 



u G ^q' P (^) 



u 



IP-l 



\p / ll-llp 

that has been normalized to be homogeneous of degree 0. The estimate 

Ci |Q| A n < #{ j : Xj < A} < C 2 A" for A > large 

that Theorem 1.1 gives for the eigenvalues of this problem should be compared with the estimate 

d \Q\ X n/p < #{ j : Xj < A} < C 2 \n\ X n/p for A > large 

obtained by Friedlander in [6] for (1.4) (see also Garcia Azorero and Peral Alonso [7]). Caliari 
and Squassina [1] have recently developed a numerical method to compute the first eigenpair of 
the problem (1.1) and investigate the symmetry breaking phenomena with respect to the constant 
case. 

In the course of proving Theorem 1.1, we will also establish the same asymptotic estimates for 
the eigenvalues of the problem 



div 





Vu 


p ^~ 2 Vu \ 
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L(u) 


L(u) 


l(u) 



p(x)-2 



U 



i( u y 



g w 1J, W{n), 



1.5) 
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where 



L{u) 



\Vu\ 



p(x) 



l(u) 



\p(x) 



T(u) 



/ 



Vu(x) 



p(x) 



dx 



/ 


u(x) 


/f2 


l(u) 



p(x) 



dx 



The eigenvalues and eigenfunctions of this problem on 

Af={uew 1 ' p( - X \n) i(u) = 1} 

coincide with the critical values and critical points of L := L\j\f. Let Q denote the class of symmetric 
subsets of N and set 

fj,j := inf sup L(u), j > 1. 

i(N)>j 

Then is a sequence of eigenvalues of (1.5), fij /• oo, and 

= #{j : Atj < ^} V^e R, 

where Z> = {u G A/" : L(u) < /*}. Since W l ^ x \U) D Wl' v{x) {£l) and i| w x*(«) (n) = k, we have 

M D M, and L|x = i*T, so fij < Xj for all j. We will see that, under the hypotheses of Theorem 
1.1, 

d |H| < #{j : ^ < p} < C 2 ^/(i-*) for // > large. 



Finally, for the sake of completeness, let us also mention that a different notion of first eigen- 
value for the p(x)-Laplacian, that does not make use of the Luxemburg norm, has been considered 
in the past literature, namely, 



\Vu\ p{x) dx 



new, 



inf 

l *W(O)\{0} / \ u \P(*) dx 

n 



In this framework, A G R and u G Wq'^ (12) \ {0} are an eigenvalue and an eigenfunction of the 
p(x)-Laplacian, respectively, if 

\Vu\ pi - x) - 2 Vu-Vvdx 



A 



f | u |P(*)-2 



uv dx 



Vv G W f 



i,p(x) 



o 



(«) 



(this should be compared with (1.1)). Let A denote the set of all eigenvalues of this problem. 
If the function p(x) is a constant p > 1, then it is well-known that this problem admits an 
increasing sequence of eigenvalues, sup A = +oo, and inf A = Ai jP > 0, the first eigenvalue of the 
p-Laplacian (see Lindqvist [8, 9, 10]). For general p(x), A is a nonempty infinite set, sup A = +oo, 
and inf A = A^ (see Fan et al. [4]). In contrast to the situation when minimizing the Rayleigh 
quotient with respect to the Luxemburg norm, one often has X\ =0, and A^ > only under 
special conditions. In [4], the authors provide sufficient conditions for A^ to be zero or positive. 
In particular, if p(x) has a strict local minimum (or maximum) in O, then A^ = 0. If n > 1 and 
there is a vector £ ^ in R" such that for every x G f2, the map t i— > p(x + t£) is monotone on 
{t : x + t£ G O}, then A* > 0. Finally, if n = 1, then A* > if and only if the function p(x) is 
monotone. 
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2 Compactness 



In this section we will show that K satisfies the (PS) condition. Here and in the sequel we will 
make use of the well-known Young's inequality 



ab< (l--)a p/(p - 1) + -b p Va,6>0, p > 1. 



V 



Lemma 2.1. For u ^ in LP( x \tt) and all v E LP( x \n), 

\(k'(u),v)\<\\v\\ p{x) . 
Proof. Equality holds in (2.2) if v = 0, so suppose v ^ 0. We have 



(2.1) 



(2.2) 



\(k'(u),v)\ 



< 



u(x) 



k{u) 



p(x)-l 



\v(x)\ dx 





u(x) 


f 

In 


k(u) 



p{x) 



(2.3) 



dx 



Taking a = \u(x)/k(u)\ p ^ 1 , b = \v(x)/k(v)\, p = p(x) in (2.1) and integrating over Q gives 



u(x) 



k{u) 



p(x)-l 



v{x) 



k{v) 



dx < 



u(x) 



k(u) 



p(x) 



dx 



u{x) 



k{u) 



p(x) 



dx 
p(x) 



+ 



v{x) 



k{v) 



p(x) 



dx 
p{x)' 



□ 



The last two integrals are both equal to 1, so this shows that the right-hand side of (2.3) is less 
than or equal to k(v) = |M| p ^. 

Lemma 2.2. K' is a mapping of type (5+), i.e., if Uj u in W^ p(x \n) and 

lim [K'(uj),Uj —u) < 0, 



then Uj — )• u in Wq ,p ^ x \$1). 
Proof. Since 

and 



(K'( Uj ), Uj ) =K(u j ) = \\Vu j \\ p{x) 
{K'( Uj ),u) = (k\V Uj ),Vu) < \\Vu\\ p{x) 



by Lemma 2.1, 



lim 

j->oo 



WVu^ < lim {K'(u 3 ), Uj -u) + \\Vu\\ p{x) < \\Vu\\ p(x) < lim ||V^-|| p( 

3 



J-5-OO 



x) 



so that ||Vnj| 



p(x) 



\\Vu\\ p ( x y The conclusion follows since Wq' p (12) is uniformly convex. □ 



Lemma 2.3. For all c £ I, K satisfies the (PS) C condition, i.e., every sequence (uj) C Ai such 
that K{uj) — > c and K'iuj) — > has a convergent subsequence. 
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Proof. We have 

K(uj)^c, K'(uj)-Cjk'(uj) ->-0 (2.4) 

for some sequence (cy) C R. Since (K'(uj),Uj) = K(v,j) and (k'(uj),Uj) = k(uj) = 1, Cj — >■ c. 

in W 1,p(:c) (fi) and Uj -> u in LP( x )(n). By Lemma 2.1, 



Since (tij) is bounded in Wq 1 ^ (fi), for a renamed subsequence and some u G Wo' p ^(fi), «j — 51 u 



| (fc'(^), Uj -u)\ < \\ Uj - u\\ p[x) -> 0, 

so the second limit in (2.4) now gives (K'(uj),Uj — u) — > as j — > oo. Then we conclude that 
Uj —7- u strongly in Wq' p ^ x \$1), in light of Lemma 2.2. □ 

3 Preliminaries on the genus and the cogenus 

Recall that the genus and the cogenus of M G J- are defined by 

j(M) = inf |?n > 1 : 3 an odd continuous map g : M — > S™ -1 } 

and 

j(M) = sup jm > 1 : 3 an odd continuous map g : g" 1 " 1 — > M}, 

respectively. If there are odd continuous maps S m ~ 1 — > M — > S 1 " 1-1 , then fh < i{M) < m by the 
monotonicity of the index, so 7(M) < i(M) < 7 (M). Since K x C L A , this gives 

j(K x ) < i(K x ) < i(L x ) < 7 (L A ) VA G R. (3.1) 

Lemma 3.1. If W\ and W 2 are Banach spaces, M\ and M 2 are symmetric subsets of W\ \ {0} 
and W 2 \ {0}, respectively, and 

M = {((1 -t)ui,tu 2 ) eW 1 ®W 2 :u 1 e Mi, u 2 G M 2 , t G [0,1]}, 

7(Mi) +7(M 2 ) < 7(M), 7(M) < 7 (Mi) + 7 (M 2 ). 

Proof. Since M contains copies of Mi and M 2 , if 7(Mi) or 7 (M 2 ) is infinite, then so is 7 (M) by 
monotonicity and hence the first inequality holds. So let rhi := 7 (Mj) < 00 and let <?; : S mi ~ l ->■ M; 
be an odd continuous map for i = 1,2. Write a; G ,S' m i+ m 2-i as x = (xi,x 2 ) G R mi © R m2 and 
write i = \x2 1. Then 



(5i(xi),0), i = 

((l-t)5i(xi/vT^),t5 2 (x 2 /t)), 0<i<l 
(0,ff 2 (x 2 )), 4 = 1 



defines an odd continuous map 5 : 

^mi+ma-l _^ M &nd hence ~( M ) > ~ x + ~ 2 

Since the second inequality holds if 7(Mi) or 7 (M 2 ) is infinite, let rrii := j(M{) < 00 and let 
<7i : Mj — > S"™'" 1 be an odd continuous map for z = 1,2. Then 

g{{{l-t)u u tu 2 )) = (Vl-t 2 gi{u 1 ),tg 2 {u 2 )), m G M u u 2 G M 2 , i G [0,1] 
defines an odd continuous map g : M — >■ ,S' mi+m2_1 and hence 7 (M) < mi + m 2 . □ 
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4 Some lemmas 

Lemma 4.1. If fii and ^2 are disjoint subdomains of Q such that £li U Q 2 = fi, then 

7(i^J +7(^ 2 ) < 7(^), 7(£n) < T^nJ + 7(^ 2 ) VA G R, 
where the subscripts indicate the corresponding domains. 
Proof. We have 



{((l-t) Ul ,tu 2 ) G ^(O!)®^ 1 *'!^) : Ul G Kqj, n 2 G t G [0,1]} C ft 



r l,p(x) 



and 



Lq C {((l-t) Ul ,tu 2 ) G W^Cni)© ^ 1 '^(12 2 ) : ui G L^, u 2 G L X Qi , t G [0,1]}, 

so the conclusion follows from Lemma 3.1 and the monotonicity of the cogenus and the genus. □ 

Lemma 4.2. Let < r < 1, consider the homothety £1 — > r 0, x t— > tx =: y, and write p(x) = q(y) 
and u(x) = v(y). If 1 < p~ < p(x) < p + < oo for all x G O and u 7^ is in W l,p<yX \$l) , then 



.! l|V«|| p(x) < \\Vv\\ q{y) < ^ 



lp(x) 



_! ll V ^llp(x) 
\\ U \\p{x) 



where o~ = n(l/p — l/p + ). 
Proof. We have 

q(y) 



SO V 



/ 


v(y) 




V 


T n/p(x) u 



dy 
q{y) 



u(x) 



p(x) 



dx 



r n/p(x) n ( x ) 



p(x) 



dx 
p{x) 



Ip(x) 1 



r n/p 



\p{x) 



\u\ 



p(x) 



Similarly, we obtain 



r n/p -1 



\\Vu\\ p{x) < \\Vv\\ q{y) < r^ 1 \\Vu\\ p{x) 



since Vv{y) = Vtt(x)/r. The conclusion follows. 

Lemma 4.3. If 1 < p~ < p(x) < p + < oo /or all i 6 and (l/p~ — l/p + ) |^| < 1, £/ten 

||n|| p _ < ||u|| p(x) < C+ ||u|| p+ Vu G L p+ (ft), 

u>/iere 



C" 



1 + 



1 1 

p- p+ 



-i/p- 



1 



1 1 

p- p+ 



\n\ 



and hence 



1 IIVuL- l|V«|L f _^ ||Vu|L+ , + 

^ "„ , p < ' . p(x) <C , „" p VnG^' p (fi)\{0}, 



c \\ U \\ P + 



\p(x) 



whereC = C + /C- 



□ 



(4.1) 



Proof. Equality holds throughout (4.1) if u = 0, so suppose w^O. Taking a = 1, b = \u(x) / \\u\\ p ^ 
p = p(x)/p~ in (2.1), dividing by p~, and integrating over Q gives 



\u\ 



p(x) 



\ U M\P- < 
p~ 



1 



n VP 



p(x) 





u(x) 


/ 


IMIp(x) 



p(x) 



fix 
p(x) 



The first integral is equal to ||u|| _ and the last integral is equal to 1, so this gives the first 

inequality in (4.1). Now taking a = 1, b = \u(x)/ \\u\\ p / x ^ \ p( - x \ p = p + /p(x) in (2.1), dividing by 
p(x), and integrating over fi gives 



u{x) 



\p(x) 



p(x) 



dx 
p(x) 



< 



1 



p(x) p + 



1 \ , 

ax + 



p(x) 



\u(x)\ p " 



dx 



The first integral is equal to 1 and the last integral is equal to |M| P + , so this gives the second 



inequality in (4.1). 
Let us set 

and 



□ 



K(u) := \\Vu\\ p+ , ueM:={ue W^ p (fi) : 



L(u) := \\Vu\ 



u 



m\p+ 



= 1} 

!}■ 



Lemma 4.4. If < t < 1, 1 < p < p{x) < p + < oo for all x G a = n(l/p — l/p + ), 
(l/p _ — l/p + ) \Q\ < 1, and C is as in Lemma 4-3, then 



Proof. Lemmas 4.2 and 4.3 give the odd continuous maps 



VA E 



u I—?- 



so the conclusion follows from monotonicity. 



□ 



5 Proof of Theorem 1.1 



By using the Tietze extension theorem, we can continuously extend p to the whole space, with the 
same bounds p~ and p + . Fix oq > so small that (l/p~ — l/p + ) aft < 1, let Q ao be a cube of side 
oo, fix A > max { inf K Qao , inf L QaQ } , and set 



Ao 



7(4° )• 



Then for A > CXq, where C > 1 is as in Lemma 4.3 applied to Q ao , an d for any two cubes Q 
and Q bx of sides a x = (CX /X) 1/il+a) a and b x = (Xq/CX) 1 ^ 1 ^ oq, respectively, 

r<7(£$. x ), 7(^ bA )<- 
by Lemma 4.4. Now it follows from Lemma 4.1 that if Q a is a cube of side a > 0, then 



'"A 



a 

OA 



<J(K> 



a 
h 



+ 1 
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where [•] denotes the integer part. Thus, there are constants C\, C2 > 0, independent of a and A, 
such that 

d^A^^^J, 7 (£qJ < C 2 a n \ n l^°\ A large. (5.1) 

Let e > and let £l e , Q £ be unions of cubes with pairwise disjoint interiors such that £l £ C C 
n e and \n e \ n e \ < e. Then 

d |n e | A"/( 1+CT ) < 7(^J < 7(^), 7(£n) < 7(^0 < C 2 |^| A n ^ 1_<T \ A large 
by (5.1). Letting e — )• and combining with (3.1) and (1.3) yields the conclusion. 
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